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Here we present a mathematical model of coupled heat and mass transfer in the course of water adsorp-
tion on a single adsorbent grain, which is in thermal contact with an isothermal metal plate. Adsorption is
caused by a large jump of vapour pressure over the grain. The radial profiles of the grain temperature and
the water concentrations in the adsorbed and gas phases were calculated as a function of time. Strong
interrelationship between the shapes of the water sorption isotherm and the radial uptake profile was
revealed. The best fit to the experimental data of [B. Dawoud, Yu. I. Aristov, Experimental study on the
kinetics of water vapour sorption on selective water sorbents, silica–gels and alumina under typical oper-
ating conditions of sorption heat pumps, Int. J. Heat Mass Transfer 46 (2) (2003) 273–281] corresponds to
the water diffusivity De = 6.0 � 10�6 m2/s and the coefficient of the heat transfer ap = 70 W/(m2 K) which
are larger than those measured in quasi-equilibrium experiments.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

A new methodology of studying the kinetics of water vapour
adsorption/desorption under operating conditions typical for iso-
baric stages of adsorption heat pumps (AHP) has been proposed
and tested experimentally in [1]. The measurements have been
carried out on loose pellets of composite adsorbent SWS-1L (CaCl2

in silica KSK) placed on a metal plate. The temperature of the plate
was changed as it takes place in real sorption heat pumps, while
the vapour pressure over the adsorbent was maintained almost
constant (saturation pressures corresponding to evaporator tem-
peratures of 5 and 10 �C and condenser temperatures of 30 and
35 �C). The quasi-exponential behaviour of water uptake on time
was found for most of the experimental runs. The characteristic
time s of isobaric adsorption (desorption) was measured for one
layer of loose 1.4–1.6 mm grains for different boundary conditions
of adsorption heat pumps. This approach allows a direct measure-
ment of the temporal evolution of average water uptake under the
conditions, which closely simulate the scenario of temperature
jump or drop in real AHPs with a layer of loose grains. Such jump
is a driving force of water desorption/adsorption during the iso-
baric stages of AHP cycle.

A dynamic model of the water vapour adsorption on a single
adsorbent grain being in thermal contact with a metal plate sub-
ll rights reserved.

: +7 495 939 33 16.
kunev).
jected to a fast temperature jump/drop at almost constant vapour
pressure was presented in [2]. The model took into account cou-
pled heat and mass transfer in the grain coupled with adsorption
processes. This model was used to analyze the experimental results
presented in [1] and to study the links between dynamic and equi-
librium parameters of the adsorption process. The temporal evolu-
tion of the average pressure Pav inside the grain, its average
temperature Tav and uptake w were calculated. The uptake was
found to be a quasi-exponential function of time as was observed
in [1]. The characteristic times s of isobaric adsorption/desorption
calculated for a single grain of SWS-1L were in good agreement
with those measured experimentally. The best fit corresponded
to the water diffusivity De = 3.0 � 10�6 m2/s and the coefficient of
heat transfer between the plate and the grain ap = 60 W/(m2 K).
This diffusivity is very close to the Knudsen diffusivity in a straight
cylindrical pore of radius rp = 7.5 nm [4] at T = 90 �C = 363 K:
Dkn ¼ 9700 � rp

ffiffiffiffiffiffiffiffiffiffi
T=M

p
¼ 3:3 � 10�6 m2=s. The obtained efficient

coefficient of heat transfer ap was higher than the one theoretically
estimated in [2]. These quite high values of De and ap indicated that
under essentially non-equilibrium conditions caused by the large
temperature jump the transfer of both heat and vapour can be
more efficient than under quasi-equilibrium conditions. Although
the accordance of experimental and calculated data was good on
the whole, the model failed in describing S-shaped parts of the ki-
netic curves recorded within the first dozens of seconds. This could
be because in those experiments the temperature of the metal sup-
port reached the final value not in a trice but in some 20–50 s. On
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Nomenclature

De efficient water diffusivity (m2/s)
DH heat of adsorption (J/mole)
m mass (mole)
N uptake (moleH2O=moleCaCl2

Þ
P pressure (mbar)
Rp grain radius (m)
R universal gas constant (J/mol K)
s area of the hole between the reservoirs (m2)
t time (s)
T temperature (K)
V volume (m3)
x weight fraction of the salt (kg/kg)

Greek symbols
ap coefficient of heat transfer (W/m2 K)
e grain porosity
v dimensionless adsorption
k coefficient of heat conductivity of the grain (W/m K)

Subscripts
av average
w water
0 initial value
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the opposite, the model assumed a step-wise T-jump, which can
not be attainable in real experiments due to the finite heat capacity
of the support.

In [3] the dynamics of water sorption was studied for the same
configuration of loose grains in a constant volume – variable pres-
sure unit with a substantial difference that the driving force for
water sorption was a pressure jump. The set-up consisted of two res-
ervoirs: the buffering reservoir of 23.726 dm3 volume contained the
vapour at P1 = 60 mbar and T = 50 �C, and the measuring cell of
0.732 dm3 volume was maintained at P2 = 0.02 mbar and T = 50 �C.
At the beginning of the experiments the loose grains of SWS-1L were
almost completely dry (residual uptake x0 = 0.0017 g/g) and were
maintained at the metal support temperature 50 �C. At t = 0 the res-
ervoirs were connected and the pressure in the whole volume be-
came equalized within less then 1 s [3]. After that the vapour
pressure was decreasing due to the water sorption by the SWS
grains. When measuring the temporal evolution of pressure P(t),
the time variation of the water loading was calculated. The adsorp-
tion process lasted some tens of minutes until the equilibrium was
reached. The uptake change during the adsorption was as much as
DN = 4.3 mole H2O per 1 mole CaCl2 (or 0.24 g H2O/g CaCl2). As the
pressure jump was large and the pressure was not constant during
the water adsorption, no simple kinetic models could be applied
for extracting kinetic parameters from the experimental curves. La-
ter, the similar test rig was developed in [4] with the addition of a
heat flux meter to measure the released heat of adsorption.

Mathematical modeling of the P-jump kinetic curves can likely
ensure better conformity between model assumptions and experi-
mental conditions than it could be accessible for the T-jump exper-
iments. Although the mathematical modeling of both isothermal
and non-isothermal adsorption on a single adsorbent grain has
been performed in many papers [5–10] and summarized in [5], a
complex hydrodynamic problem of simultaneous gas icicle (dis-
charge) and sinking (generating) has not been analyzed yet. The
aim of this work was a development of the model of the coupled
heat and mass transfer in the course of water adsorption on a single
adsorbent grain under the conditions described in [3]. The radial
profile of the grain temperature and the water concentrations will
be calculated as a function of time along with the temporal evolu-
tion of the average uptake. Calculated uptake curve will be com-
pared with the experimental ones to estimate the efficient values
of the water diffusivity De and the coefficient of the heat transfer ap.

2. Description of the model

The model bears on the assumptions of the local adsorption
equilibrium as well as the local equality of the gas and solid tem-
peratures. Combined heat and mass transfer in a single adsorbent
grain coupled with water adsorption were described by the follow-
ing system of differential equations similar to those of [2]:
(a) the energy balance equation for a single adsorbent grain
including the heat of adsorption:
qsCpðT;N; xÞ
oT
ot
� qsDH

x
lsalt

oN
ot
¼ kpDT

0 < r < Rp

ð1Þ

with the relevant initial and boundary conditions
Tðr;0Þ ¼ T0

oTð0; tÞ
or

¼ 0

apðTf � TðRp; tÞÞ ¼ kp
oTðRp; tÞ

or

ð2Þ

where Cp(T,N,x) is the effective heat capacity of the grain
[11].The equilibrium uptake N(T,Pw) [mole H2O/mole salt]
at temperature T and pressure Pw was calculated by the
approximation equations reported in [12].
(b) the mass balance equation including the diffusion of water
vapour inside the grain and sorption processes:
oCw

ot
¼ DeDCw �

qsx
lsalte

oN
ot

ð3Þ
(c) the ideal gas law:
Pwðr; tÞ ¼ RTðr; tÞCwðr; tÞ: ð4Þ

For the experiments analyzed the boundary conditions can
be written as
CwðRp; tÞ ¼ P2ðtÞ
RTðRp ;tÞ :

oCwð0;tÞ
or ¼ 0

ð5Þ

The total mass balance in the buffering and measuring reser-
voirs can be written as
P1ðtÞV1

RT
þ P2ðtÞV2

RT
þmðtÞ ¼ P1ð0ÞV1

RT
þ P2ð0ÞV2

RT
þmð0Þ ð6Þ

where m(t) is the mass of water adsorbed by the time t.

It is convenient to introduce the dimensionless water uptake
v as
v ¼ ðmðtÞ �mð0ÞÞ
ðmð1Þ �mð0ÞÞ : ð7Þ
3. Particular features of the dynamic modeling at the initial
stage of the adsorption process

The pressure in the whole volume became equalized for t < 1 s
as a result of the vapour expansion from the buffering to measur-
ing reservoirs accompanied by its simultaneous adsorption in the
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Fig. 1a. Experimental [3] and theoretical (calculated with the values of D = 6.0 �
10�6 m2/s and a = 70 W/(m2 K)) dependences of the pressure vs time.
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Fig. 1b. Experimental [3] and theoretical (calculated with the values of D = 6.0 �
10�6 m2/s and a = 70 W/(m2 K)) dependences of the dimensionless uptake vs time.
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measuring cell [3]. Accurate analysis of the process at t < 1 s has to
be performed by considering the molar vapour flux J through the
hole which connects the two reservoirs

V1dP1

RT dt
¼ �J

V2dP2

RT dt
þ dm

dt
¼ J

ð8Þ

where dm
dt can be calculated from Eqs. (1)–(5). The flux J from a res-

ervoir at P1(t) to a reservoir at P2(t) can be calculated as [13]:

J ¼ 0:04sP1ðtÞ
lw

ffiffiffi
T
p when P1ðtÞ > 2P2ðtÞ

J ¼ 0:08s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP1ðtÞ � P2ðtÞÞP2ðtÞ

p
lw

ffiffiffi
T
p when P1ðtÞ < 2P2ðtÞ

ð9Þ

where s is the area of the connecting hole (s was assumed to be 1
cm2). The numerical analysis of Eqs. (1)–(9) made for SWS-1L re-
vealed that under the experimental conditions of [3] the pres-
sures became equal in some 0.01 s. As water adsorption on the
initially dry grains was very fast, the uptake reached 0.06 g/g
by the first second of the process [3] that has to be taken into
consideration when the efficient diffusivity and heat transfer
coefficients are determined. The concordant solution of bound-
ary-value problems (1)–(5) and integral Eq. (6) at various inflow-
ing modes (8), (9) is obligatory for correct determination of these
coefficients.

The system of Eqs. (1)–(9) was numerically solved by the meth-
od of runs and iterations including an implicit finite difference
method in order to obtain distributions T(r,t), Cw(r,t) and, therefore,
Pw(r,t) and N(r,t). An iso-volumetric discretisation in the radial
direction was applied as it was done in [14]. The temporal evolu-
tion of pressures P1(t) and P2(t) as well as the dimensionless
adsorption v(t) were the final results of the modeling.

Another peculiarity of the modeling comes from the fact that
the uptake change during the adsorption run was from
N0 = 0.065 to Nf = 4.3 mole H2O per 1 mole CaCl2. In this range
the dependence of the uptake on the Polanyi sorption potential is
highly non-linear and contains domains of a step-wise shape
[12,15]. This dramatically impairs the convergence of iterative pro-
cedures and undesirably extends calculating time.
Fig. 2. The average squared error of the calculated and experimental curves as a
function of De at various values of ap: 1–60 W/(m2 K), 2–70 W/(m2 K), 3–80 W/
(m2 K), 4 –90 W/(m2 K), 5–120 W/(m2 K).
4. Analysis of the experimental data

Theoretical dependences of the vapour pressure and dimension-
less uptake on time calculated with the selected values of D = 6.0
10�6 m2/s and a = 70 W/(m2 K) are in excellent agreement with
those measured in [3] (Fig. 1). It is easy to make sure that these up-
take curves are not exponential.

These optimal values of De and ap have been selected as a result
of the following procedure: for each pair De and ap the average

squared error was calculated as r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPi¼n

i¼1
ðvexpðtiÞ�vtheoryðti ;De ;apÞÞ2

n

r
,

where vexp(ti) is the experimental dimensionless uptake,
vtheory(ti,De,ap) is the calculated dimensionless uptake, n � 103 is
the number of data readings [3]. The graph of r(De,a p) function
was a wrapped plane looking like a valley (Fig. 2) whose bottom
corresponded to the selected De and ap, the Pirson coefficient being
equal to 0.998.

As selected optimal values of De and ap agree well with those
obtained in [2] although some difference does exist. Lower optimal
De-value reported in [2] might be due to the fact that the model
developed in [2] failed in describing S-shaped parts of the kinetic
curves recorded within the first dozens of seconds. The approxima-
tion of the S-shaped experimental dependence by a convex calcu-
lated curve, when the temperature jump of the metal plate is
abrupt, could lead to underestimating the efficient diffusivity. As
a result, the efficient heat transfer coefficient was likely to be over-
estimated in [2]. We believe that the coefficients De and ap ob-
tained in this communication more accurately conform to the
physical model of the adsorption process involved. This example
once more confirms that a careful consideration of the initial
adsorption stage is a matter of principle for correct description of
the adsorption dynamics in both model and real AHP.



Fig. 3. Radial profiles of the water concentrations in the adsorbed state at various
times (in seconds): 1–3.11, 2–11.1, 3–25.1, 4–50.6, 5–100.6, 6–150.3, 7–250.2,
8–400.9 and 9–601,7. 0 on the X-axis indicates the grain centre, 1 – the grain
external surface.

Fig. 4b. Evolution of the average grain temperature Tav vs the average pressure
inside the grain Pav. Point A corresponds to the initial state of the system, point B to
the end of the adsorption process. Notations are the same as in Fig. 3.
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Using these optimal values of De and ap radial profiles of the
grain temperature, the water concentrations in the adsorbed and
gas phases were calculated as a function of time.

The shape of the uptake distribution was quite complex and
contained steeps and quasi-plateas (Fig. 3) which closely resemble
the shape of the equilibrium curve of water adsorption on SWS-1L
[12,15] between the boundary uptakes N = 0.065 and N = 4.30
([12,15]). This reveals the strong interrelationship between the
shapes of the water sorption isotherm and the radial uptake
profile.

The average uptake is plotted vs the average grain temperature
in Fig. 4a; starting point A corresponds to N0 = 0.065 mole/mole
and Tav = 50 �C. The initial rate of adsorption was very high that re-
sulted in a fast quasi-adiabatic heating of the grain up to 98 �C.
Then the grain was getting cold until it reached the equilibrium
point B at N = 4.3 mole/mole and Tav = 50 �C. It is worthy to men-
tion that the surface uptake passed through a maximum at
t = 150 s (Fig. 3) and was larger than the equilibrium one at point
B. This resulted from the combined effect of the simultaneous fall-
ing of the both temperature and pressure along lines 1–9 in Fig. 4a.

A linear connection between the average grain temperature and
the uptake (Fig. 4a) indicated that for the first two seconds the
heating is nearly adiabatic. The grain temperature rise estimated
under purely adiabatic conditions was 44 �C that is close to the
experimentally recorded.
Fig. 4a. Evolution of the average grain temperature Tav vs average uptake Nav.
Numbers 1–9 correspond to the same times as in Fig. 3. Point C corresponds to
t = 1 s.
The average pressure is plotted vs the average grain tempera-
ture in Fig. 4b. The initial pressure jump (point D) was due to the
vapour expansion from the buffering to measuring reservoirs
accompanied by its simultaneous adsorption in the measuring cell.
Then the fast growth of the both temperature and pressure was ob-
served. Along fragment 1–3 the grain was getting cold, however
the pressure inside the grain continued increasing due to the water
diffusion through the external grain surface.

The radial distribution of temperature was almost uniform at
t > 1 s (Fig. 5a), means along lines 1–9 in Fig. 4a when the grain
was getting cool. At very short times a large temperature gradient
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Fig. 5. The radial distribution of temperature. (a) t = 31.4 s and (b) curve 1 – t =
0.07 s, curve 2–0.15 s, curve 3–1 s.
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along the grain was found (Fig. 5b) that is a quite rare case as com-
monly an adsorbent grain is assumed to have a uniform tempera-
ture distribution due to its sufficiently large thermal conductivity
[5]. The reason of this non-isothermal behaviour at the very begin-
ning of the process was the extremely fast water adsorption on the
external grain surface initiated by the large pressure jump.

5. Resume

The mathematical model of the coupled heat and mass transfer
in the course of water adsorption on a single adsorbent grain,
which is in thermal contact with an isothermal metal plate has
been presented. Adsorption was caused by a large jump of the va-
pour pressure over the grain as measured in [3]. The vapour expan-
sion from the buffering to measuring reservoirs accompanied by its
simultaneous adsorption in the measuring cell was also taken into
account. As the water adsorption on the initially dry grains was
very fast, the uptake reached 0.06 by the first second of the process
that has to be taken into consideration when the efficient diffusiv-
ity and heat transfer coefficients are determined. The concordant
solution of boundary-value problems (1)–(5) and integral Eq. (6)
at various inflowing modes (8), (9) is obligatory for correct deter-
mination of these coefficients.

The radial profiles of the grain temperature as well as water
concentrations in the adsorbed and gas phases were calculated as
a function of time. Strong interrelationship between the shapes of
the water sorption isotherm and the radial uptake profile was re-
vealed. The best fit to the experimental data of [3] corresponds
to the water diffusivity De= 6.0 � 10�6 m2/s and the coefficient of
the heat transfer ap= 70 W/(m2 K) which are larger than those mea-
sured in quasi-equilibrium experiments.
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